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1 Problems

Definition: Let A ⊆ R, and let c be a cluster point of A. For a function f : A→ R, a real number L is said
to be a limit of f at c if, given any ε > 0, there exists a δ > 0 such that if x ∈ A and 0 < |x− c| < δ, then
|f(x)− L| < ε.

Remark: If the limit of f at c does not exist, we say that f diverges at c.

Theorem: If f : A→ R and if c is a cluster point of A, then f can have only one limit at c.

Squeeze Theorem: Let A ⊆ R, let f, g, h : A→ R, and let c ∈ R be a cluster point of A. If

f(x) ≤ g(x) ≤ h(x) for all x ∈ A, x 6= c (1)

and if lim
x→c

f = L = lim
x→c

h, then lim
x→c

g = L.

Definition: Let I ⊆ R be an interval, let f : I → R, and let c ∈ I. We say that a real number L is the
derivative of f at c if given any ε > 0 there exists δ(ε) > 0 such that if x ∈ I satisfies 0 < |x− c| < δ(ε), then∣∣∣∣f(x)− f(c)

x− c
− L

∣∣∣∣ < ε (2)

In this case we say that f is differentiable at c, and we write f ′(c) for L. In other words, the derivative of f
at c is given by the limit

f ′(c) = lim
x→c

f(x)− f(c)

x− c
(3)

provided this limit exists. (We allow the possibility that c may be the endpoint of the interval.)

Definition: The derivative of the function f(x), written f ′(x), is defined as

f ′(x) = lim
∆x→0

f(x+ ∆x)− f(x)

∆x
(4)

if the limit exists. If y = f(x), then
dy

dx
= f ′(x). The nth derivative is

y(n) =
dy(n−1)

dx
=

d

dx

(
dn−1y

dxn−1

)
=
dny

dxn
= f (n)(x) (5)
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2 Practice Problems

Problem 1:
lim
x→∞

x

x− 1
(x 6= 1) (6)

Problem 2:
lim
x→∞

(
√
x+ 1)/x (x > 0) (7)

Problem 3:

lim
x→∞

√
x− 5√
x+ 3

(x > 0) (8)

Problem 4:
lim
x→0

x cos(1/x) = 0 (9)

Problem 5: Let,

y = y0 + v0t−
1

2
gt2 (10)

Use the definition of the derivative to find the instantaneous velocity.
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